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Abstract
We give families of irreducible numerical semigroups with even conductor and with arbitrary
multiplicity and embedding dimension. We also study minimal presentations for these families of
numerical semigroups.
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1. Introduction
A numerical semigroup is a subset S of N closed under addition, it contains the zero
element and generates Z as a group (here N and Z denote the set nonnegative integers
and the set of the integers, respectively). From this definition, we obtain (see [1,9]) the
following results:
(1) The set N\S is finite. We refer to the greatest integer not belonging to S as the
conductor of S and denote it by C(S) (this number is also known as the Frobenius
number of S).
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The number n0 is usually called the multiplicity of S and p + 1 the embedding
dimension of S and denote them by m(S) and µ(S), respectively.
Let F = {a0X0 + · · · + apXp: a0, . . . , ap ∈ N} be the free monoid generated by
{X0, . . . ,Xp} and ϕ :F → S be the monoid epimorphism defined by
ϕ(a0X0 + · · · + apXp)= a0n0 + · · · + apnp.
It is known that if σ is the kernel congruence of ϕ (i.e., xσy if ϕ(x) = ϕ(y)), then S is
isomorphic to the quotient monoid F/σ (see [9]). Rédei shows in [4] that the congruence
σ is finitely generated and therefore exists
ρ = {(x1, y1), . . . , (xt , yt )}⊆ F × F
such that σ is the smallest congruence on F that contains ρ. The set ρ is called a
presentation for the numerical semigroup S. We say that ρ is a minimal presentation if no
proper subset of ρ generates σ . In [5] it is shown that the concepts of minimal presentation
and presentation with the lowest cardinality coincide for a numerical semigroup.
A numerical semigroup is irreducible if it cannot be expressed as an intersection of
two numerical semigroups containing it properly. In [10], it is shown that S is irreducible
if and only if S is maximal in the set of all numerical semigroups with conductor C(S).
Applying the results of [2] we deduce that the class of irreducible numerical semigroups
with odd conductor is the same as the class of symmetric numerical semigroups. It is well
known that if m(S) 3 and S is symmetric, then µ(S)m(S)− 1 (see, for instance, [6]).
Furthermore, in [8] it is proved that if m and e are positive integers such that 2 em−1,
then there exists a symmetric numerical semigroup S with m(S) = m and µ(S) = e. In
[10] it is shown that if S is an irreducible numerical semigroup with m(S)  4, then
µ(S)  m(S)− 1. Our aim in this paper is to prove that if m and e are positive integers
such that 3 em− 1, then there exists an irreducible numerical semigroup S with even
conductor such that m(S)=m and µ(S)= e. The proof that we give is constructive and so
we can obtain a family of irreducible numerical semigroups with even conductor and with
arbitrary multiplicity and embedding dimension. Moreover, we prove that if µ(S)  4,
then the cardinality of a minimal presentation for this family of numerical semigroups is
equal to
µ(S)(µ(S)− 1)
2
− 1.
For concluding this introduction, observe that although this work is performed by a
“semigroupist” point of view, it can be used in Commutative Ring Theory. In fact, if K is a
field, K[S] is the finite type K-algebra associated to S and K[X] =K[X0, . . . ,Xp] is the
polynomial ring in p + 1 indeterminates, the K-algebra epimorphism λ :K[X] → K[S]
such that Xi → tni is a S-graded ring homomorphism with degree zero. Hence, the prime
ideal P = kernel(λ) (called the ideal associated to the semigroup S) is homogeneous and
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system of generators for P is equivalent to finding a presentation for S.
2. Families of irreducible numerical semigroups with even conductor
Let S be a numerical semigroup and n ∈ S\{0}. Denote by 0 = w(1) < w(2) < · · · <
w(n) the smallest elements of S in the congruence classes modn. We denote by Ap(S,n)
(the Apéry set of n in S) the set {0 = w(1) < w(2) < · · · < w(n)}. It is known that
w(n)= C(S)+ n (see [7]).
In [10] it is shown that if S is an irreducible numerical semigroup with even conductor
and n ∈ S\{0}, then (C(S))/2 + n ∈ Ap(S,n). Moreover, in this paper it is proved the
following result.
Proposition 1. Let S be a numerical semigroup with an even conductor and n ∈ S\{0}.
Then S is irreducible if and only if
Ap(S,n)= {0 =w(1) < w(2) · · ·<w(n− 1)= C(S)+ n} ∪
{
C(S)
2
+ n
}
and w(i)+w(n− i)=w(n− 1) for all i ∈ {1, . . . , n− 1}.
From these results we can prove Lemmas 2, 4, and 6 which give families of irreducible
numerical semigroups with even conductor.
Lemma 2. Let m,q ∈ N be such that m  2q + 5 and let S be the submonoid of (N,+)
generated by
{
m,m+ 1, (q + 1)m+ q + 2, . . . , (q + 1)m+m− q − 3, (q + 1)m+m− 1}.
Then S is an irreducible numerical semigroup with m(S) = m, µ(S) = m− 2q − 1, and
C(S)= 2(q + 1)m− 2.
Proof. Since gcd{m,m+1} = 1, then we have that S generates Z as a group and therefore
S is a numerical semigroup. Note that m = minS\{0} and so m(S) =m. It is easy to see
that
{
n0 =m, n1 =m+ 1, n2 = (q + 1)m+ q + 2, . . . , np−1 = (q + 1)m+m− q − 3,
np = (q + 1)m+m− 1
}
is a minimal system of generators for S and thus µ(S)=m− 2q− 1. The reader can prove
that
Ap(S,m)= {0, n1, 2n1, . . . , (q + 1)n1, n2, . . . , np−1, n1 + np−1, 2n1 + np−1, . . . ,
qn1 + np−1, C(S)+m= (q + 1)n1 + np−1
} ∪ {np},
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the integer part of the rational number q). Hence, C(S) = 2(q + 1)m − 2 and so
C(S)/2 + m = (q + 1)m + (m − 1) = np . Applying Proposition 1, we get that S is an
irreducible numerical semigroup. ✷
We give an example that illustrates the previous lemma and its proof.
Example 3. We take q = 2 and m = 11 (note that m  2q + 5), then by the previous
lemma, we have that S = 〈11,12,37,38,39,43〉 is an irreducible numerical semigroup
with m(S) = 11, µ(S) = 6, and C(S) = 64. Furthermore, from the proof of this lemma,
we obtain that
Ap(S,11)= {0,12,24,36,37,38,39,51,63,75}∪ {43}.
Lemma 4. Let m ∈N and q ∈N\{0} be such that m 2q + 4 and let S be the submonoid
of (N,+) generated by
{
m, m+ 1, qm+ 2q + 3, . . . , qm+m− 1, (q + 1)m+ q + 2}.
Then S is an irreducible numerical semigroup with m(S) = m,µ(S) = m − 2q , and
C(S)= 2qm+ 2q + 2.
Proof. Since gcd{m,m+1} = 1, then we have that S generates Z as a group and therefore
S is a numerical semigroup. Note also that m= minS\{0} and so m(S)=m. Clearly,
{
n0 =m, n1 =m+ 1, n2 = qm+ 2q + 3, . . . , np−1 = qm+ (m− 1),
np = (q + 1)m+ q + 2
}
is a minimal system of generators for S and so µ(S)=m− 2q . The reader can prove that
Ap(S,m) = {0, n1, 2n1, . . . , qn1, n2, . . . , np−1, np, n1 + np, 2n1 + np, . . . ,
C(S)+m= qn1 + np
} ∪ {(q + 1)n1},
and C(S)+m= ni +np−i+1 for all i ∈ {2, . . . , (p+ 1)/2}. Then C(S)= 2qm+ 2q+ 2
and thus C(S)/2 +m= (q + 1)m+ q + 1 = (q + 1)n1. Using Proposition 1, we deduce
that S is an irreducible numerical semigroup. ✷
We also give an example to illustrate the above lemma.
Example 5. Let q = 2 and m = 11 (note that m  2q + 4). Then, by the above lemma,
we have that S = 〈11,12,29,30,31,32,37〉 is an irreducible numerical semigroup with
m(S)= 11, µ(S)= 7 and C(S)= 50. Furthermore, from its proof, we obtain that
Ap(S,11)= {0,12,24,29,30,31,32,37,49,61}∪ {36}.
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irreducible numerical semigroup S with C(S) even, m(S)=m, and µ(S)= 3.
Proof. We distinguish two cases depending on the parity of m.
(1) If m is even, then m= 2q+4 for some q ∈N. Let S = 〈m,m+1, (q+ l〉m+ (m−1)〉.
It is clear that m(S)=m and µ(S)= 3. The reader can prove that
Ap(S,m)= {0,m+ 1,2(m+ 1), . . . , (m− 2)(m+ 1)}∪ {(q + 1)m+ (m− 1)}.
Therefore, C(S) = (m− 2)m− 2 is even and (C(S))/2 +m= (q + 1)m+ (m− 1).
By Proposition 1 we conclude that S is an irreducible numerical semigroup.
(2) If m is odd, thenm= 2q+3 for some q ∈N\{0}. Let S = 〈m,m+1, (q+1)m+q+2〉.
Clearly, m(S)=m and µ(S)= 3. In this setting,
Ap(S,m) = {0, m+ 1, 2(m+ 1), . . . , q(m+ 1), (q + 1)m+ q + 2,
(m+ 1)+ (q + 1)m+ q + 2, . . . , q(m+ 1)+ (q + 1)m+ q + 2}
∪ {(q + 1)(m+ 1)}.
Hence, C(S)= (2q+1)m−1 is even and C(S)/2+m= (q+1)(m+1). By Proposition 1,
we have that S is an irreducible numerical semigroup. ✷
Remark 7. (1) As a consequence of the proof of case (1) in Lemma 6 and since m= 2q+4,
we have that if m, is an even integer greater than or equal to 4, then S = 〈m,m + 1,
(m2 −2)/2〉 is an irreducible numerical semigroup with m(S)=m, C(S)= (m−2)m−2,
and µ(S)= 3.
(2) As a consequence of the proof of case (2) in Lemma 6 and since m= 2q+3, we have
that if m is an odd integer greater than or equal to 5, then S = 〈m,m+ 1, (m2 + 1)/2〉 is an
irreducible numerical semigroup with m(S)=m,C(S)= (m− 2)m− 1, and µ(S)= 3.
Example 8. S = 〈6,7,17〉 is an irreducible numerical semigroup with m(S)= 6,µ(S)= 3,
and C(S)= 22. Furthermore,
Ap(S,6)= {0,7,14,21,28}∪ {17}.
Example 9. S = 〈7,8,25〉 is an irreducible numerical semigroup with m(S)= 7, µ(S)= 3,
and C(S)= 34. Furthermore
Ap(S,7)= {0,8,16,25,33,41}∪ {24}.
We are ready to prove the main result of this section.
Theorem 10. Let m and e positive integers such that 3  e  m − 1. Then there exists
an irreducible numerical semigroup with even conductor, multiplicity m and embedding
dimension e.
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we shall assume that 4 em− 1. We distinguish two cases.
• If m− e is odd, then there exists q ∈N such that m− e = 2q + 1. Furthermore, since
e  4, then m  2q + 5. By Lemma 2, we deduce that there exists an irreducible
numerical semigroup S with C(S) even, m(S)=m, and µ(S)=m− 2q − 1 = e.
• If m − e is even, then there exists q ∈ N\{0} such that m − e = 2q . Furthermore,
since e 4, then m 2q + 4. By Lemma 4, we deduce that there exists an irreducible
numerical semigroup S with C(S) even, m(S)=m, and µ(S)=m− 2q = e. ✷
3. Minimal presentations for these families of numerical semigroups
Our main goal in this section is to describe minimal presentations for the families of
numerical semigroups obtained from Lemmas 2, 4, and 6. Note that the family of numerical
semigroups described in Lemma 6 is (see Remark 7):
(1) S = 〈m,m+ 1, (m2 − 2)/2〉, if m is an even positive integer greater than or equal to 4.
(2) S = 〈m,m+ 1, (m2 + 1)/2〉, if m is an odd positive integer greater than or equal to 4.
In both cases S is a nonsymmetric numerical semigroup with µ(S) = 3. Using the
results of [3], we deduce that the cardinality of a minimal presentation for these numerical
semigroups is 3. Furthermore, from this paper, we know that a minimal presentation for a
non symmetric numerical semigroup S = 〈n0, n1, n2〉 is
ρ = {(c0X0, a01X1 + a02X2), (c1X1, a10X0 + a12X2), (c2X2, a20X0 + a21X1)},
where ci = min{l ∈ N\{0} | lni ∈ 〈nj ,nk〉} with {i, j, k} = {0,1,2} and cini = aij nj +
aiknk .
In order to find minimal presentations for the semigroups belonging to the families given
in preceding section, we must introduce and recall some concepts and results.
If S is a numerical semigroup with minimal system of generators {n0 < · · ·< np} and
s ∈ S, then there exists (a0, . . . , ap) ∈Np+1 such that s = a0n0 + · · · + apnp . We say that
an element s has unique expression when (a0, . . . , ap) is unique.
In [11] it is given a method for obtaining a minimal presentation for a numerical
semigroup fulfilling the condition that all the elements of Ap(S,n0) have unique
expression. The process is the following:
T = {(a1, . . . , ap) ∈Np | a1n1 + · · · + apnp /∈ Ap(S,n0)}
and
{
α1 = (α11, . . . , α1p), . . . , αt = (αt1, . . . , αtp)
}= minimals(T ),
where  is the usual order of Np (observe that by Dickson’s lemma this set is finite).
For every i ∈ {1, . . . , t} we define xi = 0X0 + αi1X1 + · · · + αipXp ∈ F . Since ϕ(xi) /∈
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(βi0, βi1, . . . , βip) ∈Np+1 with βi0 = 0 such that
ϕ(xi)= βi0n0 + βi1n1 + · · · + βipnp.
For every i ∈ {1, . . . , t} we define yi = βi0X0 + βi1X1 + · · · + βipXp . Note that ϕ(xi)=
ϕ(yi) for all i ∈ {1, . . . , t} and so
ρ = {(x1, y1), . . . , (xt , yt )}⊆ σ.
In [11] it is proved the following result.
Proposition 11. Let the hypothesis be as above. Then ρ = {(x1, y1), . . . , (xt , yt )} is a
minimal presentation for S.
Now, with these results, we can give a minimal presentation for the family of numerical
semigroups obtained from Lemma 6 (or Remark 7).
Proposition 12. (1) If m is an even positive integer greater than or equal to 4, then a
minimal presentation for S = 〈m,m+ 1, (m2 − 2)/2〉 is
ρ =
{(
m+ 2
2
X0,X1 +X2
)
,
(
(m− 1)X1, m2 X0 +X2
)
,
(
2X2,X0 + (m− 2)X1
)}
.
(2) If m is an odd positive integer greater than or equal to 5, then a minimal presentation
for S = 〈m,m+ 1, (m2 + 1)/2〉 is
ρ =
{(
mX0,
m− 1
2
X1 +X2
)
,
(
m+ 1
2
X1,X0 +X2
)
,
(
2X2, (m− 1)X0 +X1
)}
.
Proof. (1) Let S = 〈n0 = m,n1 = m+ 1, n2 = (m2 − 2)/2〉. By the proof of case (1) in
Lemma 6, we have that
Ap(S,n0)=
{
0, n1, 2n1, . . . , (n0 − 2)n1, n2
}
.
It is clear that all elements in Ap(S,n0) have a unique expression. Applying Proposition 11,
the reader can check that
ρ =
{(
m+ 2
2
X0,X1 +X2
)
,
(
(m− 1)X1, m2 X0 +X2
)
,
(
2X2,X0 + (m− 2)X1
)}
is a minimal presentation for S.
(2) Let S = 〈n0 = m,n1 = m + 1, n2 = (m2 + 1)/2〉. By the proof of case (2) in
Lemma 6, we have that
Ap(S,n0)=
{
0, n1,2n1, . . . , (q + 1)n1, n2, n1 + n2, . . . , qn1 + n2
}
.
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again the reader can check that
ρ =
{(
mX0,
m− 1
2
X1 +X2
)
,
(
m+ 1
2
X1,X0 +X2
)
,
(
2X2, (m− 1)X0 +X1
)}
is a minimal presentation for S. ✷
We illustrate this proposition with some examples.
Example 13. If we take m= 6, then a minimal presentation for the numerical semigroup
S = 〈6,7,17〉 is
ρ = {(4X0,X1 +X2), (5X1,3X0 +X2), (2X2,X0 + 4X1)}.
Example 14. If we take m= 7, then a minimal presentation for the numerical semigroup
S = 〈7,8,25〉 is
ρ = {(7X0,3X1 +X2), (4X1,X0 +X2), (2X2,6X0 +X1)}.
Now we describe the minimal presentations for the families of numerical semigroups
obtained from Lemmas 2 and 4.
Proposition 15. Let m,q ∈N be such that m 2q + 5 and
S = 〈n0 =m, n1 =m+ 1, n2 = (q + 1)m+ q + 2, . . . , np−1 = (q + 1)m+m− q − 3,
np = (q + 1)m+m− 1
〉
.
The cardinality of a minimal presentation for S is equal to
p(p+ 1)
2
− 1.
Proof. By Lemma 2, we obtain that
Ap(S,n0) =
{
0, n1, 2n1, . . . , (q + 1)n1, n2, . . . , np−1, np, n1 + np−1, 2n1 + np−1,
. . . , qn1 + np−1, (q + 1)n1 + np−1 = n2 + np−2 = n3 + np−3 · · ·
}
.
Note that all the elements the in Ap(S,n0), except
C(S)+ n0 = (q + 1)n1 + np−1 = n2 + np−2 = n3 + np−3 · · · ,
have a unique expression. It easy to see that S′ = S∪{C(S)} is a numerical semigroup with
a minimal system of generators {n0, n1, . . . , np,np+1 = C(S)} and
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S′, n0
) = {0, n1, 2n1, . . . , (q + 1)n1, n2, . . . , np−1, np,n1 + np−1, . . . ,
qn1 + np−1, np+1
}
.
Since all the elements in Ap(S′, n0) have unique expression, using Proposition 11, we can
compute a minimal presentation ρ′ for S′. Then we have that
ρ′ = {((q + 2)X1, y1), (X1 +X2, y2), . . . , ((q + 1)X1 +Xp−1, yp−1), (X1 +Xp,yp),
(X1 +Xp+1, yp+1), (2X2, yp+2), (X2 +X3, yp+3), . . . , (X2 +Xp+1, y2p+1), . . . ,
(2Xp, yp+1+p+···+3+1), (Xp +Xp+1, yp+1+p+···+3+2),
(2Xp+1, yp+1+p···+3+2+1)
}
.
Note that a Therefore,
#ρ′ = p+ 1 + p+ · · · + 3 + 2 + 1 = (p+ 2)(p+ 1)
2
= p(p + 1)
2
+ p+ 1
(where #A stands for cardinality of A). By [10, Proposition 16 and Lemma 18], we obtain
that, if ρ is a minimal presentation for S, then #ρ +p+ 2 = #ρ′. Hence,
#ρ = p(p + 1)
2
− 1. ✷
Example 16. If we take q = 0 and m = 5, then S = 〈5,6,7,9〉. Using the previous
proposition we get that the cardinality of any minimal presentation for S is 5.
Proposition 17. Let m ∈N and q ∈N\{0} be such that m 2q + 4 and
S = 〈n0 =m, n1 =m+ 1, n2 = qm+ 2q + 3, . . . , np−1 = qm+m− 1,
np = (q + 1)m+ q + 2
〉
.
Then the cardinality of a minimal presentation for S is equal to
p(p+ 1)
2
− 1.
Proof. By Lemma 4, we deduce that
Ap(S,n0) =
{
0, n1, 2n1, . . . , (q + 1)n1, n2, . . . , np−1, np, n1 + np, 2n1 + np, . . . ,
(q − 1)n1 + np, qn1 + np = n2 + np−1 = n3 + np−2 · · ·
}
.
Note also that all the elements in Ap(S,n0), except
C(S)+ n0 = qn1 + np = n2 + np−1 = n3 + np−2 · · · ,
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system of generators {n0, n1, . . . , np,np+1 = C(S)} and
Ap
(
S′, n0
) = {0, n1, 2n1, . . . , (q + 1)n1, n2, . . . , np, n1 + np, 2n1 + np, . . . ,
(q − 1)n1 + np, np+1
}
.
Since all the elements in Ap(S′, n0) have unique expression, by Proposition 11, we have
that a minimal presentation ρ′ for S′ is
ρ′ = {((q + 2)X1, y1), (X1 +X2, y2), . . . , (X1 +Xp−1, yp−1), (qX1 +Xp,yp),
(X1 +Xp+1, yp+1), (2X2, yp+2), (X2 +X3, yp+3), . . . , (X2 +Xp+1, yp+1+p),
. . . , (2Xp, yp+1+p+···+3+1), (Xp +Xp+1, yp+1+p+···+3+2),
(2Xp+1, yp+1+p···+3+2+1)
}
.
Hence,
#ρ′ = p+ 1 +p+ · · · + 3 + 2 + 1 = (p+ 2)(p+ 1)
2
= p(p+ 1)
2
+ p+ 1.
Using [10, Proposition 16 and Lemma 18], we obtain that if ρ is a minimal presentation
for S, then #ρ +p+ 2 = #ρ′. Hence,
#ρ = p(p + 1)
2
− 1. ✷
Example 18. We take q = 1 and m = 6. Then S = 〈6,7,11,15〉. Applying the previous
proposition, we obtain that the cardinality of any minimal presentation for S is 5.
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